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Abstract
We propose a parametrization for the growth index of the linear matter perturbations, γ(z) =
γ0 +
z
1+zγ1. The growth factor of the perturbations parameterized as Ω
γ
m is analyzed for both
the wCDM model and the DGP model with our proposed form for γ. We find that γ1 is negative
for the wCDM model but is positive for the DGP model. Thus it provides another signature
to discriminate them. We demonstrate that Ωγm with γ taking our proposed form approximates
the growth factor very well both at low and high redshfits for both kinds of models. In fact,
the error is below 0.03% for the ΛCDM model and 0.18% for the DGP model for all redshifts
when Ωm0 = 0.27. Therefore, our parametrization may be robustly used to constrain the growth
index of different models with the observational data which include points for redshifts ranging
from 0.15 to 3.8, thus providing discriminative signatures for different models.
PACS numbers: 95.36.+x; 98.80.Es; 04.50.-h
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I. INTRODUCTION
The growing observational evidences [1, 2, 3] show that the present expansion of our
universe is accelerating. Basically, two kinds of physical models have been proposed to
explain this mysterious phenomenon. One is dark energy, which has a sufficient negative
pressure to induce a late-time accelerated expansion; the other is the modified gravity,
which originates from the idea that our understanding to gravity is incorrect in the cos-
mic scale and general relativity needs to be modified. However, many different models
proposed so far share the same late time cosmological expansion, therefore an important
task is to discriminate them to determine which one correctly describes the whole evo-
lution of the universe. Recently, some attempts have been made [4, 5, 6, 7, 8, 9] in this
regard. A particular effort to discriminate different models focuses on the growth function
δ(z) ≡ δρm/ρm of the linear matter density contrast as a function of redshift z [10, 11, 12,
13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36],
where ρm is the energy density of matter. While different models give the same late time
expansion, they may produce different growth of matter perturbations [10].
In order to discriminate different models using the matter perturbations, the growth
factor f ≡ d ln δ
d ln a
is used. In Ref. [37], the authors found that this growth factor can be
parameterized as
f = Ωγm, (1)
where γ is called the growth index and Ωm is the fractional energy density of matter.
Using the fact that Ωm ≃ 1 at the high redshift, treating γ as a constant and expanding,
around Ωm = 1, the equation obtained by submitting the above expression into the
equation of f (Eq. (4) below), one can easily obtain the theoretical values of γ for different
models. For example, the theoretical values of γ for the ΛCDM model and the Dvali-
Gabadadze-Porrati (DGP) brane-world model [38] are γ∞ = 6/11 [23, 28] and γ∞ =
11/16 [23, 24], respectively. Thus if the value of γ can be determined by observations,
one can discriminate these models. Theoretically, if γ can be treated as a constant and
the value of Ωm,0 is known, we can also determine the value of γ at z = 0. This actually
gives a better approximation to f as will be shown later. However, the fact that we do
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not have a precise value of Ωm,0 from observations restricts our ability to obtain an exact
value of constant γ. Recently by comparing Ωγ∞ with f , the author in Ref. [26] found
the error is nearly zero at the high redshift, but at low redshift, with Ωm,0 = 0.27, the
error is larger than 1.2% for ΛCDM model and 3% for the DGP model. The discrepancy
originates from the fact that in general γ is not a constant but should be a function of
redshift, especially at low redshift region (z < 2). Therefore, if one wants to discriminate
different models by using the current observational data on the matter perturbations with
γ being taken as a constant, then the results may be biased, since there are about half of
growth factor data points at the redshift region z < 2 [39].
So, it seems necessary to consider an evolutionary growth index γ(z). In this regard
the authors in Refs. [33, 34, 35, 36] studied γ(z) with a linear expansion, γ ≈ γ0 + γ
′
0z,
and found for different models the γ′0 is different, which may provide another signature
to discriminate different models. Certainly this linear expansion gives a very good ap-
proximation at z < 0.5, but it is invalid at high redshift region and thus is not usable for
discriminating different models by constraining γ0 and γ
′
0 from current observations, since
there are few growth factor data points at z < 0.5. In Ref. [26] the author considered
the correction to γ by introducing an Ωm− 1 term and found that, with Ωm,0 = 0.27, the
error is blow 0.25% for the ΛCDM model and below 0.4% for the DGP model, which are
less than those obtained in the case of a constant γ = γ∞. However, principally speaking,
this correction cannot be extended to low redshift where the deviation of Ωm from 1 is
very large. Therefore, it is desirable to have a new form of γ(z), which is applicable to
all the observational data and can, at the same time, give a very good approximation to
f . In this paper we propose a parameterized form on γ(z)
γ(z) = γ0 + γ1
z
1 + z
. (2)
By numerical calculations, we will demonstrate that this parametrization can approximate
f very well at both low and high redshifts for both the wCDM model and the DGP model,
and as a result, it is applicable to all the data points and can be used to better discriminate
these models using observational data.
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II. THE wCDM MODEL
In this section, the dark energy model with a constant equation of state (wCDM) is
studied. To the linear order of matter perturbations, the growth function δ(z) at scales
much smaller than the Hubble radius obeys the following equation
δ¨ + 2Hδ˙ − 4piGeff ρmδ = 0, (3)
where Geff is an effective Newton gravity constant and the dot denotes the derivative
with respect to the time t. Using the growth factor f ≡ d ln δ/d ln a, the above equation
becomes
d f
d ln a
+ f 2 +
(
H˙
H2
+ 2
)
f =
3
2
Geff
GN
Ωm. (4)
For the wCDM dark energy model, the above equation can be reexpressed as
3wΩm(1− Ωm)
df
dΩm
+ f 2 +
[
1
2
−
3
2
w(1− Ωm)
]
f =
3
2
Ωm , (5)
where
Geff
GN
= 1 is used. In general, it is hard to obtain an analytical solution to the above
equation and we need to resort to numerical methods. In fact, the equation can be solved
numerically by taking into account the condition that f = 1 at the high redshift since
Ωm = 1 at z >> 1. Using the Eq. (1), one can get
− (1 + z)γ′ ln Ωm + Ω
γ
m +
1
2
[1 + 3w(2γ − 1)(1− Ωm)] =
3
2
Ω1−γm . (6)
This equation is also very hard to be solved analytically. Fortunately using the relation
f = Ω
γ(z)
m , we can obtain the evolution of γ(z) with the redshift, which is shown in Fig. (1)
for wCDM model with different values of w. It is easy to see that γ(z) can not be regarded
as a constant especially at the redshift region (z < 2) where some the observational data
points are obtained. Therefore it is obviously unreliable to discriminate different models
with these observational data while treating the growth index γ as a constant.
Now let us examine if our proposed form of parametrization, Eq. (2), gives a good
approximation to the growth factor f . If we prior know the value of Ωm,0, and find
the value of γ0 through f0 obtained by numerically solving solution Eq. (5), then by
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substituting Eq. (2) into Eq. (6), we get an expression for γ1 which yields a different value
for a different redshift z. This is because our proposed parameterized form of γ(z) is not
an exact solution but only gives an approximation to the curve shown in Fig. (1). To see
how well our approximation is, let us take, for simplicity, the value of γ1 at the z = 0,
γ1 = ( lnΩ
−1
m,0 )
−1
[
3
2
Ω1−γ0m,0 − Ω
γ0
m,0 −
3
2
w(2γ0 − 1)(1− Ωm,0)−
1
2
]
, (7)
which is determined by the values Ωm,0 and γ0. Since the value of Ωm,0 can be determined
by the observations and γ0 can be obtained by the numerical solution of f with the relation
f0 = Ω
γ0
m,0, we can get the value of γ1. In Fig. (2), we show the allowed region of γ0 and
the corresponding γ1 with a prior given region of Ωm,0: 0.20 ≤ Ωm,0 ≤ 0.35. From this
Figure we can see that γ0 and γ1 vary only slightly as Ωm,0 changes.
Now we discuss how well Ωγm, with γ taking our parameterized form, approximates
the growth factor f . Numerical results are shown in Fig. (3). Three different cases are
plotted for comparison. One is that the growth index is treated as a constant which is
determined at very high redshift where Ωm = 1 (γ∞). This case is shown on the upper
panel. The second is that γ is also treated as a constant but the constant is obtained
at z = 0 denoted as γ0 with γ0 = ln f(0)/ lnΩm,0(0). The result is shown in the middle
panel. From the Figure, one can see that Ωγm with a constant γ given by γ0 approximates
f better at low redshifts than that given by γ∞, but is not as good at high redshifts
(z > 1). This is because γ0 is a good approximation at the low redshift while γ∞ gives
a good approximation at the high redshift. The third is that γ is evolving with redshift
and takes our proposed form given in Eq. (2). The result is shown in the bottom panel.
Now Ωγm approximates f very well both at low and high redshfits, and remarkably it
approximates f better than 0.08% even at low redshfits. Notice, however, that for Ωγ∞m
the error is over 1% at low redshifts and for Ω
γ0
m the largest error is 0.4%. For the case of
w = −1 (ΛCDM), we find that the error resulting from using our proposed form is below
0.03%. This is much less than that, obtained in Ref. [26], for Ωγm with corrections to a
constant γ∞ added through expanding γ at Ωm = 1 as γ = γ∞+
15
1331
(1−Ωm), where the
error is only blow 0.25%. We get approximately one order of magnitude improvement in
terms of errors in the approximation. Therefore, the form given in Eq. (2) is basically
very close to the real evolution of γ with redshift.
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III. THE DGP MODEL
Now we will discuss a modified gravity model, the DGP model. For this model, the
effective Newton constant takes the following form
Geff
GN
=
2(1 + 2Ωm)
3(1 + Ω2m)
. (8)
According to Refs. [24, 27, 40, 41], the growth factor f satisfies the equation
− 3
(1− Ωm)Ωm
1 + Ωm
df
dΩm
+ f 2 + f
2− Ωm
1 + Ωm
=
Ωm(1 + 2Ω
2
m)
1 + Ω2m
. (9)
Submitting Eq. (1) into the above equation, we can obtain an equation of γ(z)
1
2
[
1−
3(1− Ωm)
1 + Ωm
(2γ − 1)
]
− (1 + z)γ′ ln Ωm + Ω
γ
m =
1 + 2Ω2m
1 + Ω2m
Ω1−γm . (10)
The numerical solution for γ(z) is shown in Fig. (4) with different values of Ωm,0. From
Figure, one can see that the γ(z) is evolutionary especially at low redshifts (z < 2) and
is an increasing function of redshift, in contrast to the wCDM model, where γ(z) is a
decreasing one. Now, one can show that γ1 determined at z = 0 is given
γ1 = (lnΩ
−1
m,0)
−1
[
− Ωγ0m,0 +
1 + 2Ω2m,0
1 + Ω2m,0
Ω1−γ0m,0 −
1
2
+
3(1− Ωm,0)
1 + Ωm,0
(γ0 −
1
2
)
]
. (11)
In Fig. (5) we plot the possible region of γ0 and γ1 for 0.20 ≤ Ωm,0 ≤ 0.35. It is easy to see
that γ0 increases from 0.658 to 0.671 and γ1 decreases from 0.042 to 0.035. Apparently
γ1 here is positive, whereas γ1(≈ −0.02) in the wCDM model is negative. Therefore, γ1
also provides a signature to discriminate the DGP model and the wCDM model.
How well the Ωγm approximate the growth factor f is discussed as done in above section
and the results are shown in Fig. (6). Comparing the upper and middle panels of this
figure, we find, as in the wCDM model, that Ωγm with constant γ given by γ0 approximates
f better at low redshifts than that given by γ∞, but is not as good at high redshifts
(z > 1). Comparing these two panels with the bottom one, one sees that at low redshifts
γ(z) proposed in the present paper gives the best approximation. At low redshifts, the
error using our proposed form for γ(z) is blow 0.2% , but for a constant γ, the error is
larger than 2% when γ = γ∞ and is only blow 1.2% when γ = γ0. At low redshifts,
6
the approximation with our proposed form is also better than that obtained in Ref. [26]
where the constant γ is corrected as γ = γ∞ +
7
5632
(1 − Ωm), since, when Ωm,0 = 0.27,
the error of our proposed form is blow 0.18% while it is only blow 0.25% for γ corrected
with a 1 − Ωm term. It is worthy to note that Ω
γ(z)
m with γ(z) taking our proposed form
still approximates f very well for all redshifts, since the largest error is only 0.18%, when
Ωm,0 = 0.27.
IV. CONCLUSION
In this paper, we propose a parameterized form for the growth index of the linear matter
perturbations, γ(z) = γ0+
z
1+z
γ1. The growth factor of the linear matter perturbations is
analyzed for both the wCDM model and the DGP model. We find that γ1 is negative for
the wCDM model but is positive for the DGP model. Thus it provides another signature
to discriminate them. If we parameterize the growth factor f as Ωγm, then at low redshifts,
Ωγm with γ taking our proposed form approximates the growth factor f better than that
in the case of a constant γ with or without the 1−Ωm correction term. At high redshifts,
the approximation is also very good. In fact, the error is below 0.03% for the ΛCDM
model and 0.18% for the DGP model for all redshifts when Ωm0 = 0.27. Therefore, our
parametrization can be robustly used to constrain the growth index of different models
with the observational data which include points for redshifts ranging from 0.15 to 3.8,
thus providing discriminative signatures for different models.
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FIG. 1: The evolution of growth index γ(z) with redshift for the wCDM model with Ωm,0 = 0.27.
The solid, dashed and dotted curves correspond to w = −1, −0.8 and −1.2 respectively.
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FIG. 2: The allowed regions of γ0 and γ1 for the wCDM model with 0.2 ≤ Ωm,0 ≤ 0.35. The
solid, dashed and dotted curves correspond to w = −1, −0.8 and −1.2 respectively.
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FIG. 3: The relative difference between the growth factor f and Ωγm for the wCDM model
with Ωm,0 = 0.27. The upper, middle and bottom panels show the results of γ = γ∞, γ0 and
γ = γ0 + z/(1 + z)γ1, respectively. The solid, dashed, and dotted curves show the results for
w = −1, −0.8 and −1.2, respectively.
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FIG. 4: The evolution of growth index γ(z) with the redshift for the DGP model. The solid,
dashed and dotted curves correspond to Ωm,0 = 0.27, 0.24 and 0.30 respectively.
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FIG. 5: The allowed regions of γ0 and γ1 for the DGP model with 0.2 ≤ Ωm,0 ≤ 0.35.
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FIG. 6: The relative difference between the growth factor f and Ωγm for the DGP model. The
upper, middle and bottom panels show the results of γ = γ∞, γ0 and γ = γ0 + z/(1 + z)γ1,
respectively. The solid, dashed, and dotted curves show the results for Ωm,0 = 0.27, 0.24 and
0.30, respectively.
13
